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Proposed high-pressure calorimetric experiment to probe theoretical predictions
on the liquid-liquid critical point hypothesis
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A high-pressure calorimetric experiment to test the validity of a water model’s prediction, regarding the
behavior of the heat capacity in the liquid-liquid critical point and singularity-free scenarios, is proposed in this
paper. The response of the specific heat at high pressure is different depending on the existence, or not, of a
second critical point. If the model presents a second critical point, there is a nondivergent maximum in the
specific heat at a temperature T~ T, for any pressure P> P, (T, and P, being the temperature and pressure of
the model’s second critical point). This maximum does not appear for the model with a singularity free

scenario.
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I. INTRODUCTION

Liquid water exists in a metastable supercooled state far
below the melting temperature. A number of thermodynamic
response functions of supercooled water, such as the isother-
mal compressibility and the constant pressure specific heat,
show a sudden increase when cooling down to 7~228 K
and P=1 atm [1,2]. In order to explain these anomalies sev-
eral theories have been proposed.

The liquid-liquid phase transition hypothesis [3] proposes
the existence of a first order line of phase transitions sepa-
rating two liquid states of different densities: the high density
liquid (HDL) and the low density liquid (LDL) state. This
line of phase transitions has a negative slope in the P-T
phase diagram and ends up in a critical point at 7.~200 K
and P,.~ 1.7 kbar. The increase on the thermodynamic func-
tions as a power law divergence holds only at the critical
point. For smaller pressures the increase is just a fluctuation
induced by the Widom line. Another possible scenario is sin-
gularity free [4,5]. In this scenario the anomalies found in the
experiments are not considered to end up in real singularities
but in nondivergent maxima due to the anticorrelated fluc-
tuations of volume and entropy.

The direct observation of a possible first order liquid-
liquid phase transition line and a second critical point in
water has been hampered by the appearance of the homoge-
neous nucleation process which takes place at higher tem-
peratures [Ty(P)], than the ones corresponding to the hy-
pothesized coexistence line. In this paper we focus our
attention on the following question: Can we expect any dif-
ference [at temperatures T>>Tx(P)] in the calorimetric re-
sponse of supercooled water depending on the existence, or
not, of a second critical point?

II. THE MODEL

In order to give a possible answer to this question we
consider a liquid model, previously proposed for the singu-
larity free scenario [4], where the existence or not of a sec-
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ond liquid-liquid critical point is easily tunable. The model is
described in detail in Ref. [6]. In the liquid phase, each water
molecule interacts with four other water molecules forming
hydrogen bonds with energy —J. The formation of a hydro-
gen bond increases the volume of the system by a certain
amount SV. In the simplest version of this model, there is no
correlation between the possible four hydrogen bonds
formed by a particular water molecule. The correlation
length related to the formation of the hydrogen bond network
does not diverge and the thermodynamic response functions
present a simple (nondivergent) maximum at a temperature
T,(P). This temperature T},(P) is always proportional to the
absolute value of the interaction energy due to the formation
of a hydrogen bond at a given pressure T),(P)x<[J—(P5V)]
[6]. Note that T,(P) o J for P=0 and T,(P)=0 for P=J/6V.
The behavior of this simple model is described by the singu-
larity free scenario [see Fig. 1(a)]. T),(P) (the temperature at
which the correlation length related to the formation of a
hydrogen bond network shows a maximum) must not be con-
fused with T(P) (the homogeneous nucleation temperature
of real water). In water, the expected maximum at T},(P) is
undetectable, because T},(P) < Ty(P).

However, by considering an internal correlation among
the four hydrogen bonds formed by each single molecule, the
scenario changes from singularity free to critical-point-like
[6]. This internal degree of correlation in the water molecules
is tuned by a new intramolecular term with energy —J,, added
to the Hamiltonian of the liquid [6]. If J,—oo the water
molecule is always internally correlated for any value of the
pressure and the thermodynamic functions show a disconti-
nuity at T,(P) [see Fig. 1(c)].

The liquid-liquid critical point at 7. and P,. shows up
when J,; is finite and smaller than J. In this case, the water
molecules are able to correlate themselves internally only if
T<T, being T a pressure independent temperature propor-
tional to J,,. For P <P, the water molecules are not internally
correlated at T,,(P) [i.e. T,(P) > T-], the correlation length of
the hydrogen bonds network cannot tend to infinity, and the
response of the thermodynamic functions is nondivergent.

However, as the pressure increases Tj,(P) decreases. So,
there is a critical value of the pressure P= P, where the water
molecules are internally correlated at 7,(P.) [i.e., T),(P,)
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FIG. 1. Three possible scenarios depending on the value of J,,.
(a) If J,=0 there is no internal correlation in the water molecule for
any pressure (7==0) and there is no long-range correlation in the
formation of the hydrogen bonded network. The transition is always
singularity free (dotted line). (b) If J,<J and different from zero,
there is long-range correlation in the transition to a low density
liquid only when the transition temperature 7}, is smaller than the
temperature 7+ corresponding to the internal correlation of the wa-
ter molecules. In this particular case we obtain a critical point
(T,,P,) and a first order phase transition for any pressure P> P, at
a temperature T;, <T,~ T (gray region and continuous line). (c) If
J, 1s large enough compared to J there is always internal correlation
in the water molecules for any pressure and the transition to a low
density liquid is first order for any pressure (gray region and con-
tinuous line).

<T.], the correlation length of the hydrogen bond network is
capable of tending to infinity, and the response of the ther-
modynamic functions becomes divergent at T,(P.)=T.. Of
course, for any P> P,, the four hydrogen bonds formed by
any water molecule are internally ordered at 7,,(P) <T: and
the response of the thermodynamic functions becomes the
one corresponding to a first order phase transition between
two liquids with different density [see Fig. 1(b)]. Note how,
by tunning the intramolecular term J;, we can easily change
the physical mechanism of the simulated liquid form singu-
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larity free (J,=0) to a liquid-liquid phase transition (0 #J,,
<J).

In real water, this intra-molecular term in the water mol-
ecule could be related to the value of the H-O-H angle. Ex-
periments show that the relative orientations of the arms in
the water molecule are correlated, with the average H-O-H
angle equal to 104.45° in the isolated molecule, 104.474° in
the gas, and 106° in the high-7 liquid [7], suggesting an
intramolecular interaction between the arms. This interaction
must be finite because the angle changes with 7, consistent
with ab initio calculations [8] and molecular dynamics simu-
lations [9].

Based on the model, we propose the following hypothesis
[see Fig. 1(b)]: If there is a second critical point at P, and we
cool down the water deep into the supercooled region at
constant P> P, internal correlation inside the water mol-
ecules at a temperature 7> T), develops. The fluctuations in
the energy of the system due to this intramolecular ordering
process give rise to a maximum in the specific heat with the
following characteristics: (i) it is located at a temperature
T.>T, (ii) it is nondivergent (because it is not due to the
cooperative effect of many molecules but to the internal or-
dering of each molecule separately), and (iii) the position of
the maximum is pressure independent (i.e., since the interac-
tion J, does not induce any increase in volume, the value of
T should be pressure independent).

On the other hand if P<P_. and we cool down the liquid
to 7, (with T),>T:) no secondary maximum appears in the
specific heat (only the regular maximum attainable in nu-
merical simulations but not in a real supercooled bulk water
experiment). In the case of a singularity free scenario [Fig.
1(a)], where there is no critical point (critical pressure), no
internal ordering in the water molecules takes place, and,
independently of the pressure applied, no two maxima in the
specif heat are found.

III. NUMERICAL RESULTS FOR THE MODEL

In order to test this hypothesis we have simulated the
liquid phase of the model described in Ref. [6] by computing
the total energy density of states g(E) [10]. The algorithm is
based on the following observation: If we perform a random
walk in energy space with a probability to visit a energy level
E proportional to 1/g(E), then a flat histogram should be
generated for the energy distribution. Of course, at the be-
ginning of the simulation, the true value of the energy den-
sity of states g(E), i.e., the number of all possible states (or
configurations) for an energy level E of the system, is un-
known. So, we simply set all entries to g(E)=1 for all pos-
sible energies. This estimated density of states is then modi-
fied in a systematic way to produce a flat histogram over the
whole range of energies, simultaneously making the density
of states converge to the true vale g(E). We modify the den-
sity of states constantly during each step of the random walk
and use the updated density of states to perform a further
random walk in energy space. The modification factor of the
density of states is also modified during the calculation and,
at the end of the simulation, it should be very close to 1,
which is the ideal case for the random walk with the true
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FIG. 2. Constant pressure specific heat vs temperature
for  different  pressures  Pvy/e=0.54 (thiner  line),
0.74,0.84,0.89,0.94,0.955,0.97 (thicker line), and for (a) J,/e=0
(singularity free scenario) and (b) J,/e=5 (liquid-liquid critical
point scenario). Note how we find secondary maxima only in (b)
and for Pvy/e€>0.89, indicating that the critical pressure of the
model must be close to Pvy/e=0.89. The relative values of the
maxima of the peaks are system-size dependent expect for the sec-
ondary peaks indicated in (b). Absolute specific heat values are
normalized to Cy, the value of the secondary maxima found in (b).

density of states. More details of the algorithm may be found
in Ref. [10]. From the density of states we can estimate the
specific heat by calculating canonical averages at any tem-
perature. This algorithm is especially useful for models like
the one presented in this paper, because all possible energy
levels are visited with the same probability, overcoming the
tunneling barrier between coexisting phases at first order
phase transitions.

We have chosen the following values for the parameters:
J/€=50 (e being the value of the van der Waals interaction
energy which in our case, since we consider only the con-
densed liquid phase, does not play any role) and 6V/vy,=50
(being 100v, the hard core volume of the water molecule).
We choose these values taking into account that the average
hydrogen bond interaction in water is close to 30 kJ/mol and
that, in most molecular models of water, € is set to
0.6 kJ/mol. Also, with these parameters, the ratio of the in-
crement in volume due to the formation of a hydrogen bond,
to the hard core volume of the water molecule considered has
a physical value equal to 0.5.

We have performed two sets of calculations, one for
a liquid with no liquid-liquid critical point (J,/€=0)
and another one with a liquid-liquid critical point (J,,/€=5).
All other parameters are the same than in Ref. [6].
The behavior of energy fluctuations (constant pressure
specific heat) has been calculated for a system of 225
water molecules with periodic boundary conditions and
with the following values for the pressure Puy/e
=0.54,0.74,0.84,0.89,0.94,0.955,0.97. Results are shown
in Fig. 2.

Figure 2(a) gives the results for the model liquid with
no-critical point. In this case no secondary maximum is
found for any pressure. Figure 2(b) gives the results for the
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model liquid with a critical point and a coexistence line be-
tween a LDL phase and a HDL phase. Note how the specific
heat, for pressures Pv,/e>0.89, has two maxima. The char-
acteristics of the secondary peaks found are the following:
they are located always at a temperature (7%) greater than
(T},), they are nondivergent, and the temperature (7%) is pres-
sure independent. These findings agree with our previously
presented hypothesis and suggest that there is a critical point
at a pressure Pv,y/e~0.89 for liquid (b).

There is a pertinent comment about the values of the main
maxima of the specific heat shown in Fig. 2. Since we are
dealing with an small system with finite size effects the con-
crete values of the maxima are not representative. For ex-
ample, for the isothermal compressibility, it is found that
maxima are proportional to the number of molecules in the
first order phase transition, and that they scale as a power of
the number of molecules when the transition is at the critical
point (second order phase transition) [6]. In any case, they
are not measurable in a real experiment due to the homoge-
neous crystallization of water. On the contrary, the secondary
maxima shown on Fig. 2(b) are nondivergent. To check that
they are nondivergent we have also studied the behavior of
the secondary maxima for a different number of water mol-
ecules and we have found that they do not depend on the size
of the system.

IV. THE EXPERIMENT IN REAL WATER

This nondivergent secondary peak found for P> P, could
be measured in a real, high pressure, water experiment, since
it is located at a temperature (7x~T.) above the nucleation
temperature (7x>Ty). The scheme of the concrete experi-
ment to be performed is presented in Fig. 3. Calorimetric
measurements on water should be performed for pressures
ranging from the atmospheric value to approximately P
=2 kbar in the supercooled region. Until now, calorimetric
measurements in bulk water have been performed mainly at
low pressures [11] and no maximum has been found down to
T=240 K. However, according to our hypothesis, if there is a
liquid-liquid critical point due to an internal correlation in
the water molecule, calorimetric measurements should
present a nondivergent maximum for values of the pressure
P>P.~1.7 kbar [12] at a temperature T above the homo-
geneous nucleation temperature Ty(P), located between 200
and 180 K, depending on the value of the pressure applied.
The value of T should be almost pressure independent and
close to the hypothesized critical temperature 7,.~200 K
[12]. This maximum should not show up in other quantities
such as the compressibility because the intramolecular term
considered for the water molecule does not imply any change
in volume. On the other hand, if the real scenario in water is
singularity free there should be no maximum in the specific
heat.

We summarize the conditions for the existence, or lack of
it, of a liquid-liquid critical point, comparing between the
behavior found for the model and the behavior expected for
real water.

For the model. The condition for the existence of a second
critical point is a specific heat with two maxima for P> P,.
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FIG. 3. Schematic representation of the experiment proposed to
test the existence of a second liquid-liquid critical point at P,
~1.7 kbar and T.~ 200 K (black circle). Constant pressure specific
heat measurements should be performed by cooling down water
until reaching the homogeneous nucleation temperature 7Ty
(squares). For pressures smaller than ~1.7 kbar the specific heat
should present the usual constant increase when cooling into the
deeply supercooled region. But the expected maximum in the spe-
cific heat at T), (circles) should be never reached. However, for
larger pressures (in the range form 1.7 to 2 kbar), there should be a
previous nondivergent maximum at 7=T% (dotted line) and close to
the temperature 7=200 K independently of the pressure applied.
This behavior for the specific heat has been schematically repre-
sented on the figure (thick continuous lines). Dashed line is the
proposed coexistence line.

The first maximum is pressure dependent and the secondary
maximum is pressure independent.

For the model. The condition for the nonexistence of a
second critical point is a specific heat with a pressure depen-
dent, single maximum for every pressure.

For real water. The condition for the existence of a sec-
ond critical point is a single maximum for P> P,.. The maxi-
mum is pressure independent and it is located at a tempera-
ture above the homogeneous nucleation temperature, close to
the hypothesized critical temperature.

For real water. The condition for the nonexistence of a
second critical point is a specific heat for which no maxi-
mum can be reached at any pressure.

The difference between the different response of our
model and that of real water is due to a lack of homogeneous
nucleation in the model. For this reason, in the model pro-
posed, we are able to detect the fluctuations due to the for-
mation of the hydrogen bonded network and a pressure de-
pendent specific heat maximum.

Recently, some very interesting calorimetric experiments
have been performed on confined water. Confined water is
not water under pressure; however there are some very im-
portant analogies. Confinement and pressure avoid homoge-
neous nucleation down to very low temperatures. For that
reason, following the arguments presented on this paper, we
should expect a nondivergent specific heat maximum in con-
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FIG. 4. DSC heating scans of hydrated purple membrane at low
temperatures from Ref. [13]. Arrow marks the maximum at 7
~200 K. This maximum could be related to the internal correlation
in the water molecules responsible for the liquid-liquid critical
point.

fined water at temperatures close to 7,.=200 K, due to the
internal ordering of the water molecule.

Actually, differential scanning calorimetric experiments
(DSC) on water embedded in purple membranes [13] find a
nondivergent maximum close to 200 K (see Fig. 4). Neutron
diffraction did show that, upon heating to 200 K the inter-
membrane water space decreased sharply with an associated
strengthening of ice diffraction, indicating that some water
beyond the first membrane hydration layer flowed out of the
intermembrane space to form crystalline ice. It was con-
cluded that the confined water undergoes a glass transition at
200 K to adopt an ultraviscous liquid state capable of flow-
ing out of the membrane and crystallizing to form ice. Au-
thors argue that the DSC peak found at 200 K is most likely
due to the possible glass transition. However, even if dy-
namical transitions at 150 and 260 K were found by studying
the effects of the confined-water glass transition on nanosec-
ond membrane dynamics, no dynamic transition was found
at 200 K. Authors suggest that nanosecond membrane dy-
namics are not sensitive to the state of water beyond the first
hydration layer. However, there is another possible way to
explain this peak, based on the theory proposed in the
present work: The maximum found at 200 K could be re-
lated, not to a particular dynamic transition, but to the inter-
nal correlation in the water molecules responsible for the
liquid-liquid critical point. This possibility could be con-
firmed, or ruled out, by performing high pressure calorimet-
ric experiments in supercooled water.

V. CONSTANT DENSITY NUMERICAL SIMULATIONS
IN TIP4P-EW WATER

All results presented in this work are based on constant
pressure measurements, in which the density changes by
cooling down the system. However, what kind of behavior
do we expect for the specific heat if the density of the system
remains constant? In the simple model described in this
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work, at the condensed liquid phase, changes in density are
due to changes in the number of hydrogen bonds. If the
density is constant, the number of hydrogen bonds remains
also constant and energy fluctuations came mostly from the
internal degree of freedom J,. So, at constant volume, the
specif heat shows a single maximum at 7=T7. for any value
of the density.

The TIP4P-Ew water model [14] reproduces the thermo-
dynamic and structural properties of liquid water and of the
different ice polymorphs well [15]. Recently, extensive con-
stant density simulations on deeply supercooled TIP4P-Ew
water have been performed [16]. In a molecular dynamics
simulation of a full atom model of water such as the TIP4P-
Ew, a constant volume simulation does not necessarily imply
a constant number of hydrogen bonds when changing the
temperature. Specific volume could remain constant when
cooling down the system by slightly changing the hydrogen
bonds equilibrium distance. If the number of hydrogen bonds
increases by cooling down the system then the equilibrium
distance must decrease. This change in equilibrium distance
modifies the internal energy coming from hydrogen bonds
and van der Waals interactions. However, for large enough
densities, energy fluctuations coming from creation and an-
nihilation of hydrogen bonds should be decimated. Basically,
even a small increase in volume due to the formation of the
hydrogen bonds network should not be admissible for large
densities.

So, according to our hypothesis, at large enough densities,
constant volume molecular dynamic simulations of the
TIP4P-Ew model should present a single maximum in the
specific heat, due to the constant volume internal ordering of
the water molecules, at a constant temperature 7=T7. very
close to the liquid-liquid critical temperature (7,). To check
this hypothesis we used internal energy data from Ref. [16]
to compute the specific heat of TIPAP-Ew water at constant
volume. Results are presented in Fig. 5. Note how a single
maximum is found at a constant temperature 7.=206 K
slightly above the critical temperature of the model T,
~200 K for densities approximately above 1.1 g/cm?.

It is important to mention that the water molecule in the
TIP4P-Ew model is rigid. In this case the internal degree of
freedom responsible for the long range correlation between
the water molecules cannot be due to the bending of the
angle formed between the two hydrogen atoms. The internal
degree of freedom could come from an orientational internal
ordering among the water molecules which is not accompa-
nied by any increase in volume.
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FIG. 5. (Color online) Temperature of the constant volume spe-
cific heat maximum vs density for the TIP4P-Ew water model. For
densities above 1.1 g/cm?® the maximum if fixed to T=T«~210 K
(dashed line). Gray surface is the estimated critical region and dot-
ted line is the estimated coexistence line. Note how T is located
slightly above the critical region. Inset is the behavior of the spe-
cific heat for the different densities considered. Specific heat was
calculated using internal energy data from Ref. [16].

VI. CONCLUSIONS

Based on results from a simple model we conclude that
the existence of a liquid-liquid critical point at (T, P,) due to
an internal degree of freedom in the water molecules could
be strongly supported by the existence of a nondivergent
maximum in the water specific heat at high pressures. This
maximum should be found at a constant temperature close to
T. for every pressure P> P,. Preliminary results from water
confined in nanoscopic environments, as well as constant
density molecular dynamics simulations, seem to point to-
ward the existence of this maximum.

ACKNOWLEDGMENTS

Comments from J.A. Gonzalo and financial support from
the Spanish Ministry of Education are gratefully acknowl-
edged.

[1] R.J. Speedy and C. A. Angell, J. Chem. Phys. 65, 851 (1976).

[2] C. A. Angell er al., J. Phys. Chem. 77, 3092 (1973).

[3] P. H. Poole et al., Nature (London) 360, 324 (1992).

[4] S. Sastry, P. G. Debenedetti, F. Sciortino, and H. E. Stanley,
Phys. Rev. E 53, 6144 (1996).

[5] H. E. Stanley and J. Teixeira, J. Chem. Phys. 73, 3404 (1980).

[6] G. Franzese, M. 1. Marqués, and H. E. Stanley, Phys. Rev. E
67, 011103 (2003).

[7] C. W. Kern and M. Karpuls, in Water: A Comprehensive Trea-
tise, edited by F. Franks (Plenum Press, New York, 1972), Vol.
1, pp. 21-91; V. B. Hasled, ibid., pp. 255-309; K. Ichikawa et
al., Mol. Phys. 73, 79 (1991).

[8] P. L. Silvestrelli and M. Parrinello, J. Chem. Phys. 111, 3572
(1999).

[9] P. A. Netz, F. Starr, M. C. Barbosa, and H. E. Stanley, Physica
A 314, 470 (2002).

021503-5



MANUEL I. MARQUES PHYSICAL REVIEW E 76, 021503 (2007)

[10] F. Wang and D. P. Landau, Phys. Rev. E 64, 056101 (2001). [13] P. Berntsen et al., Biophys. J. 89, 3120 (2005).
[11] See, e.g., P. G. Debenedetti, J. Phys.: Condens. Matter 15, [14] H. W. Horn et al., J. Chem. Phys. 120, 9665 (2004).

R1669 (2003). [15] E. Sanz, C. Vega, J. L. F. Abascal, and L. G. MacDowell, Phys.
[12] L. Liu, S. H. Chen, A. Faraone, C. W. Yen, and C. Y. Mou, Rev. Lett. 92, 255701 (2004).
Phys. Rev. Lett. 95, 117802 (2005). [16] D. Paschek and A. Geiger, e-print arXiv:cond-mat/0512199.

021503-6



